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lems; and we provide a practical version for which numerical experiments on various
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1 Introduction

We are interested in solving the finite-sum minimization problem

1 X )
min Fw)=_  fiw) ; (1)

weRd i=1
where each fj, i 2 [n] o f1;:::;ng, has a Lipschitz continuous gradient. Through-
out the paper, we consider the case where F has a finite lower bound F *. We would
like to attain an -accurate solution satisfying E[KrF (w)k?] for the outputted
approximation W.

Problems of form (1)) cover a wide range of convex and non-convex problems in
machine learning applications including but not limited to logistic regression, neural
networks, multi-kernel learning, etc. In many of these applications, the number of
component functions N is very large, which makes the classical Gradient Descent
(GD) method less efficient since it requires to compute a full gradient many times.
Stochastic Gradient Descent (SGD), originally proposed by [24]], has been widely
used to solve (I thanks to its scalability and efficiency in dealing with large-scale
problems. SGD and its variants have gained a lot of attention in the machine learning
community (see e.g. [7,10L4L[17,20]). In recent years, a large number of improved
variants of stochastic gradient algorithms called variance reduction methods have
been proposed to obtain better computational cost compared to GD, in particular,
SAG/SAGA [26ll6]], SDCA [27]], MISO [15], SVRG/S2GD [9.[11], SARAH [18],
etc. These methods were first analyzed for strongly convex problems of form ().
Due to recent interest in deep neural networks, non-convex problems of form (T]) have
been studied and analyzed by considering a number of different approaches including
many variants of variance reduction techniques (see e.g. [23,12[1,2|8]], etc.)

SARAH is the variance reduction algorithm which was originally proposed in
[L8] in the convex case. In this paper, we introduce a modification to SARAH in
Algorithmm called NC-SARAH, for the non-convex case. SARAH’s as well as NC-
SARAH’s iterations are divided into an outer loop where a full gradient is computed
and an inner loop where only one stochastic gradient is computed. We use upper
index (S) to indicate the s-th outer loop and lower index t to indicate the t-th iteration
in the inner loop. The key update rule, which is called the SARAH update [18]] for
the inner loop, is

v = rfiw?)  rfi w®) + vy @)

where It is chosen uniformly at random in [n]. The computed V§S) is used to update

W,E_S,,)l = Wgs) Vt(s). In NC-SARAH, after m iterations in the inner loop, the outer

loop remembers the last computed W,(ﬁ)ﬂ and starts its loop anew — first with a full

gradient computation before again entering the inner loop with updates (2)). Instead
of remembering Ws = Wsﬁ)ﬂ for the next outer loop, the original SARAH algorithm

in [18]] uses Wg = w?) with t chosen uniformly at random from f0;1;:::; mg; the

authors of [18]] chose to do this in order to being able to analyze the convergence rate
for a single outer loop.
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Algorithm 1 NC-SARAH

Parameters: the learning rate = 0, the inner loop size M, and the outer loop size S
Initialize: wo

Iterate:

fors =1;2;:::;S do
W(()S) = Wsg_1
V) =5 ey rfiwg®)
Wf) — Wés) V(()S)
Iterate:

Sample it uniformly at random from [n]
v = rfi w®)  rf W)+

S S S
W =
end for
Set Ws = Wr(ﬁ)+1
end for

We notice that in [19] SARAH was extended to deal with mini-batch updates
by, instead of choosing a single sample it in (2), we choose b samples uniformly at
random from [n] for updating V¢ in the inner loop. This gives a SARAH update rule
for mini-batches:

1 X
v = b rfiw®) i)+ v )
icle

where we choose a mini-batch It [Nn] of size b uniformly at random at each iteration
of the inner loop. NC-SARAH in Algorithm [1]is for the single batch case and if we
replace the update rule in the inner loop by (3) we get NC-SARAH for the mini-batch
case. SARAH in [19] for mini-batches was analyzed for the non-convex case for only
a single outer loop giving a total complexity of O(n + L—:), where L is the Lipschitz
constant of the gradients. With our modification to Ws in NC-SARAH we are able to
provide a “multiple outer loop” analysis for the non-convex case for single batches
and mini-batches.

SPIDER [8], a recent variant of SARAH for the non-cmazex case, is the first work
that achieves the best known totaﬂ complexity of O (n + L n=) for the non-%gnvex
case. Its complexity matches the lower-bound worst case complexity of O (' n=)
in [8] up to a constant factor when N O( ~2). Another variant of SARAH [28]]
provides an improved version of SPIDER called SpiderBoost which allows a larger
learning rate but restricting on the choice of the mini-batch size. Both SPIDER and
SpiderBoost use the SARAH update rule as originally proposed in [18] and use
the mini-batch version of the update rule (3)) in [19]]. SPIDER and SpiderBoost do
not divide into an outer loop and inner loop like SARAH, although SPIDER and
SpiderBoost do similarly perform a full gradient update after a certain fixed number
of iterations.

The drawback of SPIDER is the utilization of a small learning rate which depgnds
on , but it offers flexibility in the range of mini-batch sizes for the inner loop [1;  n].

' Measured as the total number of gradient computations needed to achieve an -accurate solution.
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SpiderBoost has a larger stepsize independent arhich gives a big practical im-
provenbent for solving real applications. However, one needs to x the mini-batch
size of  n for SpiderBoost, which limits the design space to such mini-Batch sizes.
Besides achieving the state-of-the-art asymptotic total compl&xitg + L™ n=)

like SPIDER and SpiderBoost, our proposed variant of NC-SARAH mitigates at the
same time both the learning rate limitation of SPIDER and the mini-batch limitation
of SpiderBoost. In fact our learning rate is higher than those of SPIDER as well as
SpiéjerBoost, and our mini-batch size for the inner loop can be freely selected from
[1,7 n] (see SectioE]B for more detalil).

Contributions: We summatrize our key contributions as follows.

1. Smooth Non-Convex

— We provide a new convergence analysis for a new variant of the SARAH al-
gorithm (NC-SARAH) for non-convex problems. We show that NC-SARAH
achieves the state-of-the-art total compl@fty nding a rst-order station-
ary point in the non-convex case basedaoty the average smooth assump-
tion; see Theorefn| 1 and Corolldry 2 for the single batch case and Theprem 2
and Corollary B for the mini-batch case. We notice that our convergence anal-
ysis framework is simple and intuitive (Lemrnja 2 and Thedrém 1).

— We rigorously show that, given a xed mini-batch size for the inner loop and
given a xed number of inner loop iterations, NC-SARAH can adopban
der of magnitude larger learning raompared to SPIDER (Corollary 5) and
a strictly larger learning ratecompared to SpiderBoost (Corolldry 6). Nu-
merical experiments show how NC-SARAH outperforms both SPIDER and
SpiderBoost (Sectidn 5.1).

— NC-SARAH allowsa range of mini-batch sizefer the inner loop similar to
SPIDER (Sectiofi]3). In this sense NC-SARAH adopts the advantage of SPI-
DER and, unlike SpiderBoost, does not need to give up on the exibility of
choosing mini-batch sizes in order to achieve practical large learning rates.
Numerical experiments show that a exible mini-batch size improves perfor-
mance — a mini-batch size of abaf¥' n%? rather than the xed mini-batch
size ofn%® in SpiderBoost leads to best performance in our case study (Sec-
tion[5.3).

2. Smooth Convex In order to complete the picture, we study SARAHH+[18] which
was designed as a variant of SARAH for convex optimization. SARAH+ pro-
vides a stopping criteria for the inner loop and shows the ef ciency over SARAH.
SARAH+ suggests to empirically choose parameter without theoretical guaran-
tee. We propose a novel variant of SARAH+ calBARAH++ Here, we study
theiteration complexityneasured by the total number of iterations (which counts
one full gradient computation as adding one iteration to the complexity) — and
leave an analysis of the total complexity as an open problem. For SARAH++,
we show a sublinear convergence rate in the general convex case (Theorem 3)
and a linear convergence rate in the strongly convex case (Theorem 4). SARAH
itself may already lead to good convergence and there may no need to introduce

2 State-of-the-art complexity matches the lower-bound worst case complexity af + P n= in
[13].
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SARAH++; in numerical experiments we show the advantage of SARAH++ over
SARAH. We further propose a practical version cal®8RAH Adaptivevhich
improves the performance of SARAH and SARAH++ for convex problems — nu-
merical experiments on various data sets show good overall performance.

3. Generalized Gradient DescentFor the convergence analysis of NC-SARAH
for the non-convex case and SARAH++ for the convex case, we show that the
analysis generalizes the total complexity of Gradient Descent (Remarks 1, 2, and
3), i.e., the analysis reproduces known total complexity results of GD. Up to the
best of our knowledge, this is the rst variance reduction method having this
property.

1.1 Related Work

Table 1: Comparison of results on the total complexity for smooth non-convex optimization

Method Total Complexity Additional assumption
GD [16] o~ None
SVRG [23] O n+ n22 None
SCSG [12] O -~n+1 _nrp?2s Bounded variance
Ohn+ﬁ i None( !1 )
SNVRG [29] O log® —~n —An + L _npte Bounded variance
O log®(n) n+ ’r None( !'1 )
SPIDER [8] O n+ " None
SpiderBoost [28] O n+ Pr None
NC-SARAH (this paper) O n+ Pr None

Table £ shows the comparison of results on the total complexity for smooth non-
convex optimization. (a) Each of the complexities in Table 1 also depends on the
Lipschitz constant., however, since we consider smooth optimization, it is custom
to assume/desigh = O(1) and we therefore ignore the dependencyLom the
complexity results. (b) Although many algorithms have appeared during the past few
years, we only compare algorithms having a convergence result which only supposes
the smooth assumption. (c) Among algorithms with convergence results that only
suppose the smooth assumption, Table 1 only mentions recent state-of-the-art results.
(d) Although the bounded variance assumpfigkr f;(w) r F(w)k?’]  ?isac-
ceptable in many existing literature, this additional assumption limits the applicability
of these convergence results since it adds dependencesiich can be arbitrarily
large. For fair comparison with convergence analysis without the bounded variance
assumption, must be set to go to in nity — and this is what is mentioned in Table 1.

As an example, from Table 1 we observe that SCSG has an advantage over SVRG
only if = O(1) but, theoretically, by removing the bounded variance assumption,
it has the same total complexity as SVRG if 1

3 a” bis de ned asminf a; bg anda _ bis de ned asmaxf a; bg
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Table 2: Comparison properties among SPIDER, SpiderBoost, and NC-SARAH

Mini-batch size b and Number of inner

Method Complexity loop iterations m Learning Rate
P — — 1=2 — 1=2+
SPIDER [8] O n+ b=n andm = n Dependent on
. 2 [0;1=2]
SpiderBoost[28] O n+ —L b= n'2 andm = n'2 Independent on
NC-SARAH P b= n?*2 andm = n'*%
(this paper) O n+ — 2 [0;1=2] Independent on

From Table 1, we observ% that NC-SARAH, SPIDER and SpiderBoost achieve
the total complexity oO (n + © n=) and dominate the complexity of all other al-
gorithm&. Indeed, its complexity matches the lower-bound worst case complexity of

(n+ " n=) in [13]. We note that SPIDER and SpiderBoost can easily be rewrit-
ten by using an inner loop and outer loop algorithm description similar to SARAH
(see also Algorithm 1). For consistency, we will use the term “inner loop” to indi-
cate where the SARAH update rule is used in these three algorithms. The advantages
of NC-SARAH over SPIDER and SpiderBoost, respectively, are shown in Table 2.
Both SPIDER and NC-SARAH allow a mini-batch size for the update rule in the
innetbloop inb 2 [1;" n].* SpiderBoost is restricted in choosing a mini-batch size
b= " n for the inner loop while NC-SARAH Iilﬁ§PIDER has;more choices. Our
experimental results con rm that the choicelof © nandm = = n of SpiderBoost
is not the best choice (see Section 5.1). NC-SARAH outperforms SPIDER in that
it can choose a much larger learning rate for the same mini-batctbsimd num-
ber of inner loop iterationm. This is because the choice of NC-SARAH's learning
rate does not depend orwhile SPIDER does; the smaller learning rate of SPIDER
makes it converge slowly to smaHaccurate solution. Even though the learning rate
of S;H'derBoost also does not depend pwe ShBW that for the same mini-batch size
b= " n a number of inner loop iteratioma = ~ n NC-SARAH can still choose a
larger learning rate.

The more general settings have been considered in the existing literature (e.g.,
ProxSARAH [22]). However, by taking the bene t of our special case, we are able
to show some advantages of our NC-SARAH as follows. We can quantify and show
that NC-SARAH has clear advantages over SPIDER and SpiderBoost in both theory
(see Section 3) and practice (see Section 5.1). Itis currently unclear how ProxSARAH
could show these results without taking the bene t of the special setting. More impor-
tantly, in the convergence analysis of NC-SARAH for the non-convex case, we show
that our analysis generalizes the total complexity of Gradient Descent (Remark 1).
Although GD is a special case of SVRG and SARAH when there is no inner loop,
we are not aware of any work that can show that the complexity of variance reduction
methods reduces to GD. Up to the best of our knowledge, this problem has been a
standing open question since 2012. Using the proof techniques in this paper, we are
now able to answer this question af rmatively. Our contribution has provided a rigor-
ous relation between GD and variance reduction methods. Therefore, we believe, our

4 According to our analysis, NC-SARAH also has the option to choose a mini-batch Eiz(g n;nj,
but for such a choice we cannot attain a total complexit@of— _n .
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technical results manage to build a bridge and connect the existing knowledge from
GD - a well known method to the new variance reduction technique.

For convex problems, we derive the convergence results of our proposed method
SARAH++ in terms of the iteration complexity. It is not capable to compare our
complexity results with the SVRG-type algorithms (see e.g. [3,23,14]) since they
use the complexity based on the total number of component gradient evaluations.
In Section 5.2, our experiments show the improved performance of SARAH++ over
SARAH in the convex cases. Moreover, we have also proposed a new variant called
SARAH Adaptive which further improves the performance as show in Section 5.3.
Therefore, we believe that the total complexity for SARAH++ and the convergence
analysis for SARAH Adaptive are desired and potential for future research.

1.2 Paper Organization

The rest of the paper is organized as follows. Section 2 gives the convergence anal-
ysis of NC-SARAH in the non-convex case for both single batch and mini-batch
cases. Section 3 shows the advantages of NC-SARAH over SPIDER and Spider-
Boost in detail. In Section 4, we provide the convergence analysis of SARAH++
in the convex case and its iteration complexity. Numerical experiments are given in
Section 5 to show the good performance of NC-SARAH over SPIDER and Spider-
Boost (Section 5.1) and SARAH++ and SARAH Adaptive over the original SARAH
(Sections 5.2 and 5.3). We conclude the paper and discuss future work in Section 6.

2 Non-Convex Case: Convergence Analysis of NC-SARAH

We will analyze NC-SARAH for smooth non-convex optimization, i.e., we study (1)
with the followingaverage smoothssumption (see e.g. [8]).

Assumption 1 (averaget -smooth) The objective functiof is L-average-smooth,
i.e., there exists a constabt> 0 such that8w;w°2 R9,

X
Sokefiw) 1o fiwWOK Lk wik )

i=1
We notice that, the above assumption is weaker than the assumptieeranothness

sider Assumption 1 and no additional assumptions are needed. We stress that our
convergence analysis only relies on the above average smooth assumption without
bounded variance assumption (as required in [12,29]). We note that Assumption 1 im-
plies thafF isL-smooth, that is, there exists a constant 0such that8w; w®2 RY,

kr F(w) r F(w9k Lkw w%. By Theorem 2.1.5 in [16], we obtain

F(w) FWOY+r FWAYT(w w9+ %kw wk?: (5)
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2.1 Single batch case

We start analyzing NC-SARAH (Algorithm 1) for the case where we choose a sin-
gle samplé uniformly at random fronin] in the inner loop. We rst provide the
following key lemmas.

Lemma 1 (Lemma 2 in [18] (or in [19])) Considervt(s) de ned by(2) (or (3)) in
SARAH (Algorithm 1) forang 1. Then foranyt 1,

Xt Xt
Elkr Fw®) vi¥Kk= Ekv® v K3 Elkr F(w™) r Fw®)K2:
j=1 j=1

(6)

Lemma 2 Suppose that Assumption 1 holds. Consider a single outer loop iteration
in NC-SARAH (Algorithm 1) with —p—2——_ Then, foranys 1, we have

L(" 1+4 m+1)
X

EF (W)l EFW)] 5 Elkr F(w))K): )
t=0

Proof We use some parts of the proof in [19]. By Assumption 1\31&1 = wt(s)
v® foranys 1, we have

®) 2
EFwE)] EFw)]  Elr Fw™)Tv¥]+ LTE[kv§S> K]
= EF (W) SEkr Fw)K]+ SEkr Fw) w7k

L 2 (s)y,2
5 o E[kv; K, (8)

where the last equality follows from the fagtb = 3 kak? + kbk® k a bk? ;

(s) (s) 7)(” (s)y2
E[F (Wosa )] EIF(Wo™)] 5 ELkr F(w™)k]
t=0

|
X (s) (s) X (s) .
t5 Elkr F(w;*) v k¥ @ L) Ekvy” k] :
t=0 t=0
9)
Now, we would like to determine such that the expression in (9)

X
Efkr FW®™) vk @ L) ErOK] o
t=0 t=0
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etrj = Wo,; Wy, Wi e the -algebragenerate o, W1, ;W . NOte
LetF; 1) be the -algeb ted . Not

Ev®  vOEF 1D Elkr £, W) 1 f (w)REF]

4 .
L2kw(®  w® k2= L2 2k k%) L

Taking the expectations to both sides yields
Elkv®  v¥k L2 2Ekv,K3: (10)

Hence, by Lemma 1, we have

X (10 X
Elkr Fw®)  v{¥K?] Elkv® vk L2 2 EkvYK):
j=1 i=1
Note thatkr F(wS”) v{k? = 0. By summing ovet = 0;:::;m (m 1), we
have
Xn h i
Ekr FwW™) vk L2 2 mEk(P K2 +(m  DEKDKZ+  + Ekv K2 :
t=0
By choosing ﬁ#ﬂ),we have
(s) (s) X (s)
Elkr F(we®) v¥k¥ (1 L)  Ekv k?
t=0 t=0 |
L2 2 mEkv((,S;k2+(m DEKKZ + + Ekv) (k2
i
(1 L) EkvK+ Ekvi?KZ+  + EkvPK?
h i X
L2?2m (1 L) EkvK] o (11)
t=1
H — 2 H H 2 2 —
since = m is a root of equatio.= “m (1 L ) = 0. Therefore,
H 2
with P amen e e have
(s) (s) X (8)y},27-
E[F(wni)]  E[F(wp™)] > Efkr F(w;7)k]:
t=0
This completes the proof. u

The above result is for a single outer loop iteration of NC-SARAH, which in-
cludes a full gradient step together with the inner loop. Since the outer loop it-

eration concludes withwvs = wr(ns)ﬂ, andws ; = wés), we haveE[F (ws)]

EF(Ws 1)] 5 1 Ekr F(W®)k?]: Summingoved s S gives

YSED s
E[F (ws)]  E[F(wo)] Elkr F (w(”)K): (12)
s=1 t=0
This proves our main result:
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Theorem 1 Suppose that Assumption 1 holds. Consider NC-SARAH (Algorithm 1)

with m. Then, for any givem, we have
1 X Ny 2
Elkr F(w(®)k F F

s=1 t=0
whereF is any lower bound of , andwt(s) is the solution at the-th iteration in the
s-th outer loop.

The proof easily follows from (12)F§indépis alower bound oF (thatis,E[F (ws)]

F ). We note that the ter +11) s oy Mo EkrF (w¥)k?] is simply the aver-

age of the expectation of the squared norms of the gradients of all the iteration results
generated by NC-SARAH. For non-convex problems, our goal is to achieve

1

X (s)
m*Ds Elkr F(w;>)k?] (13)

s=1 t=0

We note that, for simplicity, ifvs is chosen uniformly at random from all the itera-
tions generated by NC—SARAH,[yve are able to have accugdky F (ws)k?]

From Theorem 1 with = O(1= m+1) we infer that (13) can be realized for
S = O(% _ 1). The total complexity of NC-SARAH is equal t8(n + 2m)
which proves the following result.

Corollary 1 Suppose that Assumption 1 holds. Let us consider NC-SARAH (Algo-

. . - 2 . . . .
rithm 1) with = P TamD) wherem is the mnerhloop size. Tihen, in order to

achieve an-accurate solution, the total complexityds ﬂ’r'nz—jg L In+2m].

i 1 Ps Pn (8)y 12 it i
Proof To achlevem o1 t=o ELkr F(w;7)k] , itis suf cient to prove
2 —Fw) F] : 14)
[(m+1)s]” '
_ p
Notice that © m+ 1 = Zp=t—  Z:Hence, in order to achieve (14), we
need
2 LIF(wo) F ]1
s — 2 Fw) F] W) FIL
mep 0™ Pl TR
h i
Together with the requireme® 1, we can choos& = O s—— 1 _1.

Therefore, the total complexity to achiev@ccurate solution is

n+2m 1

n+2m)S=0 — - n+2m
( ) —— = _[h+2m]

This completes the proof. u



Finite-Sum Smooth Optimization with SARAH 11

The total complexity can be minimized over the inner loop sizeBy choosing
m = n, we achieve the minimal total complexity:

Corollary 2 Suppose that Assumption 1 holds. Let us consider NC-SARAH (Algo-
rithm 1) with = ﬁ%mu) wherem is the inner loop size and chosen equal
to mp = n. Then, in order to achieve araccurate solution, the total complexity is

O - n.

Remark 1 The total complexity in Corollary 1 covers all choices for the inner loop
sizem. For example, in the case af = 0, NC-SARAH recovers the Gradient De-
scent (GD) algorithm which has total complex@y ™ . Theorem 1 fom = 0 also
recovers the requirement on the learning rate for GD, which is Ll

The above results explain the relationship between NC-SARAH and GD and ex-
plain the advantages of the inner loop and outer loop of NC-SARAH. NC-SARAH
becomes more bene cial in ML applications wherés large.

2.2 Mini-batch case

The above results can be extended tonfipi-batchcase where instead of (2) the
update rule (3) is used as explained in the introduction.

Theorem 2 Suppose that Assumption 1 holds. Consider NC-SARAH (Algorithm 1)
by replacing the update af in the inner loop by(3) with

‘ 2 : (15)

4m n b
L 1+% 5= *+1

Then, for any givemy, we have

1
(m+1)S

2

Elkr F(w¥)k?] N CERE

s=1 t=0

[F(wo) F I

whereF is any lower bound of , andwt(s) is the solution at the-th iteration in the
s-th outer loop.

Proof Considervt(s) de ned by (3) in NC-SARAH (Algorithm 1) for anys 1.
Then by Lemma 2, forany 1,

X Xt
Elkr FOW®™)  vPK3 = Ekv® v k2 Ekr F(W™) 1 Fw)K3:
i=1 i=1
(16)
Following the proof of Lemma 2, we would like to determinesuch that the
expression in (9)

X0
Efkr FW®) vk @ L) Er®K] o
t=0 t=0
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Let

c=r e w®) rofw®):

LetF; (WE,S);
Fo=Fi= (w

as well as/{®: 111

Elkv®  v3F;] kr Fw®) 1 Fw®))K?
h X 5

a7

3 2
O Ffiw®) r w1 /o = hw®) o fw)]
i2|j i=1
an M 1X 2 | 12X 2 g hxo X XX
= = i j — i = 5E i kF = Pk
. n . . n< .
121 i=1 i21; k21; i=1 k=1
h x X [ XX
1 1
= 5E S - ok
i6k21; i21; i=1 k=1
_ 1M X pX b L
- i - i1 ) i
b2 n (n 1) i6k n i=1 i=1 k=1
_ b @ X b b oy X T XX
- o < i k - - i i 7 i k
b n(n 1)i=1 k=1 n on( 1 =1 i=1 k=1
1My b XX X
- = - i k i
bn (n 1) n 21 ket (n 1)i:1
_1on b o o e
= s - i k i I
bn n 1 n i=1 k=1 i=1
h U [
= bi n _’tl) n 1 i + k ikz
n n n i=1 i=1
X
Ion b 1% e
b n 1 n _
i=1
il n b 1X @1 n b
<=>B 7 o kehiw) o fiwTk T o L2 Pk ke
i=1
Hence, by taking expectation, we have
Elv® vk Ekr FW®) 1 F(w® k2] % Li’ L2 2E[kv(®) k2]:
By (16), fort 1,
Ekr FOW®™)  vPK= Ekv® v k3 Elkr FW®) r Fw))k]

i=1 j=1
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Xt
75) L2 2 E[ij(S)lkz]Z
j=1

Note thatkr F(w(”) v{”k? = 0. By summing ovet = 0;:::;m (m 1),
we have

Ekr Fw®) v®K?

t=0
1 n b h (s) (s) (s) !
- L? 2 mEkvy K2 +(m  1)Ekv;”k?+  + Ekv.Y [K? :
By choosing ¢——=2————, we have
L 1+4n(22)n
S S >(n S
Efkr Fw®™) v¥Kk @ L) Ekv®K]
t=0 t=0 .
1 n b h (s) (s) (s) !
- L2 2 mEkvy K2 +(m  1)Ekv;¥k?+  + EkvY k2

h

|
1 L) Ekvk2+EkKE+  + EkvPK?

h i X0
1 n b
S~ 12%m 1 L) EkKY] 0 (18)
b n 1 o1

: — 2 H ; n b 2 2
since = < is a root of equatio 2 L “m 1
R Gn o 53 (
L ) =0. Therefore, with ——=2— we have
L 1+4n(22)n

(s) (s) 7xn (S)y,.21-
E[F (Wmsa)l E[F(wo™)] 5 ELkr F(w)K:

m+1
t=0

Following the same derivation of Theorem 1, for any givey; we could achieve
the desired result. u

We can again derive similar corollaries as was done for Theorem 1.

Corollary 3 For the conditions in Theorem 2 with equality foiin (15), in order to
achieve an -accurate solution the total complexity is

" s | |
n+2bm 4dm n b
- + —
© m+1 ! b n 1
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Proof By Theorem 2, let = —q——2———— . Hence, we have

L (e
1 X s) 2

e Elkr F k¥ ———[F F

r
1e 8 2t 4
= L[F F
DS [F(wo) F ]

1+4m nb

b n 1

2L[F(wp) F 1= :

(m+1)S
In order to achieve the-accurate solution, we need
r o r_— 1
b b
1+ 5 0 % 1+ 9 1 §
S= 2L[F F]=0 1x ;
D [F(wo) F ] D -
sinceS 1. Therefore, the total complexity is
" s I # !
n+2bm dm n b
+ = JE———— + — = +
(n+b 2m)S=0 e ] 1 b n 1 _[n+2bm]
This completes the proof. u
Corollary 4 For the conditions in Corollary 3 withh = n'= andm = n¥?* |
where0 1=2, in order to achieve an-accurate solution the total complexity
. P n
isO — _n.
Proof Letb=n andm = n where0 ; 1, we have
s S
n+2bm 4m n b n+2n * n n
—_ 1+ — = — 1+4n
m+1 b n 1 n +1 n 1
+2nt P —
uz 1+n
If , we have
+ p _ +
&2 1+n 2p 2 % n¢ )=2

:2p§(n1 =2 F24n72 =2y

In order to minimize the order of, we needtochoose =2 =2= =2+ =2,
which is equivalentto + =1 with . The best option is to choose+t =1
with 1=2 and0 1=2in order to achiev®(n'?).
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If , we have%ZIO 1+n 2p 2(n*  +2n ): In order to

minimize the order ofh, we need to choos# = , which is equivalent to
+ =1 with . The best option is to choose= 1=2and = 1=2in order

to achieveO (n'2).

Therefore, withb = n andrm = n where + =1 with 1=2 and
0 1=2, we have 2*2bm 14 4m Db - O(nl=2)

By Corollary 3withbm= n * = n, itimplies the total complexity

Pa
(n+b 2mMmS=0 — n

Hence, by setting = 1=2 and =1=2+ with0 1=2, we obtain the
corollary. u

Remark 2 The choice of in Theorem 2 is more general than in Theorem 1. For
b= nandm = my, for some non-negative integery, it recovers the convergence
rate of Gradient Descent with learning rate Liand total complexityp " (see
Corollary 3).

3 Comparison of NC-SARAH, SPIDER, and SpiderBoost

As shown in the previous section, like SPIDER [8] and Spi%erBoost [28], also NC-
SARAH enjoys the same asymptotic total complexitydfn + = n=).

In this section, we show practical advantages of NC-SARAH over SPIDER and
SpiderBoost. By using our notation b&ndm, the three algorithms have the follow-
ing properties:

— SPIDER: For0 1=2,
( )

_ - 1
b=n2 ;m=n"% ; & =min ; ; 19
' Ln kv{®¥k 2Ln (19)

wherevt(s) is the SARAH update (3), ands) denotes the learning rate of th¢h
iteration in the inner loop of the-th outer loop.

— SpiderBoost
b=n'2;m=n'?,; = %: (20)
— NC-SARAH: For0 1=2,
b=n¥™ :m=n¥" ;. = r 2 : (21)

L 1+4n2 D022 4

The following subsections analyze NC-SARAH in comparison to SPIDER and Spi-
derBoost, respectively.
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3.1 NC-SARAH vs SPIDER

NC-SARAH and SPIDER have the same exibility of choosing mini-batch &i2e

[1;7 n]. However, the learning rate of SPIDER can be quite small compared to the

learning rate of NC-SARAH because SPIDER's learning rate scales linearly with
for learning rates ﬁ and will be small especially when we want a small
-accurate solution.

Corollary 5 For the same mini-batch sizefor the inner loop and the same number
of inner loop iterationam, the learning rate choice of NC-SARAH is strictly larger
than that of SPIDER whem> 1.

Proof We recall the SPIDER's setting:

( )
1

1=2+ .
Ln kv®k 2Ln

b=n'2 ;:m=n

. & =min

Wherevt(s) is the SARAH update (3), ancfs) is the learning rate of the-outer loop
andt-th iteration in the inner loop; and the NC-SARAH's setting:

1=2+ . 2

o
I
5
R
1l
N
3
]
>
I
bl

ni=2

L 1+4n2 0 " +1

where0 1=2.
Since fs) = min o I(st)k; o so— In order to achieve the desired
result, it is suf cient to show that, fod 1=2,
2 1
F > (22)
122 2Ln
L 1+4n2 01— +1
n 1
This is equivalent to showing
s
n nt=2
n > 1+4n2 ———— +1
n 1
n nl:2
16n2  8n +1 > 1+4n? I
2 n nt? ni=2 1
4 —> — =1 —
n n 1 n 1

The last inequality clearly holds sinde 2= 2. Therefore, we obtain (22). u

n
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3.2 NC-SARAH vs SpiderBoost

It is clear that, compared to SpiderBoost with ohly P n, NC-SARAH has more
exibility of choosing mini-batch sizdo= n'=?  for some0 1=2. In order to
compare the learning rate of NC-SARAH and SpiderBoost for the same mini-batch
size, we let =0 in NC-SARAH's parameter setting; we obtain

bzpﬁ;m:pﬁ' = F 2

L 1+4 D02 41

We have the following corollary.

Corollary 6 For the same mini-batch sizefor the inner loop and the same number
of iBngr loop iterationsn, the learning rate choice of NC-SARAH is at least a factor
4=( 5+1) 1:236larger than that of SpiderBoost wher> 1.

Proof We need to choos& = 0 for NC—F§ARAH in order to have the same option
as SpiderBoost, i.eh = " nandm = " m. Hence, we have the learning rate of
NC-SARAH

2

L 1+4 002 41

n

We notice thal% < 1forn> 1. Hence, we have

2 2 4 1
> P—= = Pp= —_—
L(C 5+1) ( 5+1) 2L

-

L 1+4 LN o4

n

This completes the proof. u

In Theorem 2 we can choose a smaller learning rate than the right-hand side of
(15) in NC-SARAH. In this sense, the above corollary shows that SpiderBoost is a
special case Bf NC—SARABL The following subsection con rms numerically that the
choice ofo= " nandm = " nin SpiderBoost is not the best choice.

4 Convex Case: Convergence Analysis of SARAH++

In this section, we propose a new variant of SARAH+ (Algorithm 2) [18], called
SARAH++ (Algorithm 3), for convex problems of form (1).
Different from SARAH, SARAH+ provides a stopping criteria for the inner loop;
as soon as
ki k2 kv KR

the inner loop terminates. This idea originates from the property of SARAH that,
for each outer loop iteratios, E[kvt(s) k]! Oast!1 in the strongly convex



18 Lam M. Nguyen et al.

case (Theorems la and 1b in [18]). Therefore, it does not make any sense to update
with tiny steps wherkvt(s) k? is small. (We note that SVRG [9] does not have this
property.) SARAH+ suggests to empirically choose parameterl =8 [18] without
theoretical guarantee.

Algorithm 2 SARAH+ [18]

Parameters:the learning rate> 0,0 < 1, the maximum inner loop siza, and the outer loop
sizeS
Initialize: wqo
Iterate:
fors=1;2;:::;S do
wi® = wg 1
Ve = kT iw?)
W(ls) - W(()s)
t=1
while kv{® k2 > kv{¥Kk2 andt m do
Sample uniformly at random fronfn]

v = ) o f )+ v

W = w® v
t t+1
end while
Setws = w;°
end for

(s)
Vo

Here, we modify SARAH+ (Algorithm 2) into SARAH++ (Algorithm 3) by
choosing the stopping criteria for the inner loop as

kvi® k2 < kv(¥K2 where L

and by introducing a stopping criteria for the outer loop.
Before analyzing and explaining SARAH++ in detail, we introduce the following
assumptions used in this section.

Assumption 2 (L-smooth) Eachf; : R9! R,i 2 [n], isL-smooth, i.e., there exists
a constanL > 0 such that8w;w°2 RY,

kr fi(w) r fi(wOk Lkw wk: (23)

Assumption 3 ( -strongly convex) The objective functioR : R ! R,is -strongly
convex, i.e., there exists a constant 0 such thaBw; w®2 RY,

Fw) FWOY+r FwW)T(w wO+ skw  wk:

Under Assumption 3, let us de ne the (unique) optimal solution of (1vas
Then strong convexity df implies that

2 [F(w) F(w)] kr F(w)k? 8w 2 R%: (24)

We note here, for future use, that for strongly convex functions of the form (1), aris-

ing in machine learning applications, the condition number is de ned =
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Assumption 3 covers a wide range of problems, &gegularized empirical risk
minimization problems with convex losses.

We separately assume the special case of strong convexityfekalith =0,
called the general convexity assumption, which we will use for convergence analysis.

Assumption 4 Each functiorf; : RY! R, i 2 [n], is convex, i.e.,
fiw)  fiw)+r fwhHT(w  wh:
The following existing result is used in the proof of our main result in this section.

Lemma 3 (Lemma 3 in [18]) Suppose that Assumptions 2 and 4 hold. Consj{:fér
de ned as(2) in SARAH (Algorithm 1) with < 2=L for anys 1. Then we have
that foranyt O,

h i
Ekr Fw®)  v¥K? ﬁ Ekvi¥k?]  Ekv®K?] (25)

SARAH++ is motivated by the following lemma.

Lemma 4 Suppose that Assumptions 2 and 4 hold. Consider a single outer loop
iteration in SARAH (Algorithm 1) with Li Then, fot Oand anys 1, we
have

EF(wi) Fw)l EFWw) Fw)l SEK F(w?)k]
vl Elkvk?]  Ekv®K?] ; (26)
wherew is any optimal solution of .

Proof By using (8) and adding F (w ) for both sides, where = arg min, F(w),
we have
EIF (W) F(w)]
EFw®) F(w)] SElkr F(w®)k?] + SElkr Fw®) v
L2 (s) .2
5 3 Elkv; ™ k7]

TEFME) Pl Ek Fw)K]

L L2

. (s)y,2 (s) 2 - (s),2
t3E D) E[kvsVk?]  E[kv,> k%] > Elkv”K
= EFw) Fw)l SEkr F(w®)K]
_o_ L (s) .2 (8) 2 (s),2
Y3 T 0 Ekvi¥k?] EKv¥K? (1 L )EKVYK?

CEFM®) ) SElkr F(w;”)k]
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Algorithm 3 SARAH++

Parameters: The controlled factob < 1, the learning rat@ < » the total iteratioll > 0,
and the maximum inner loop sire  T.
Initialize: wo
G=0
Iterate:
s=0
while G<T do
s s+1
Wés) = Wsg 1
v = Lo fi(w)
t=0
while kv®k?  kv{?k?andt m do
Wl = w v
t t+1
if m 6 0 then

Samplét uniformly at random fronjn]
Vit = et ) ot )+ v
end if
end while
Ts =t

G G+ Ts
end while
S=s
SetWw = wg

+5 L Elvik?] ERv®K?] 1 L )EKvK?
E[F(w”) Fw)l SEkr FOu)KT+ 5 L Ekvg'k] Elkv(”K’]
This completes the proof. u
Clearly, if
L Ekv¥k? ERvPKY  EKvEK]  ERvK?] o;
where » inequality (26) implies

EF(wi) F)l EFw?) Fw)l SEK Fw®)k:

For this reason, we choose the stopping criteria for the inner loop in SARAH++ as

kvk2 < kv{P k2 with L . Unlike SARAH+, for analyzing the convergence
rate can be assmallds .

The above discussion leads to SARAH++ (Algorithm 3). In order to analyze its

convergence for convex problems, we de ne random varidblas the stopping time
of the inner loop in thes-th outer iteration:

n 0
Te=min  min tikv®e< ki im+1 s=1;2:0
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Note thatTs is at least 1 since dt= 0, the conditionkv{® k kv{¥K? always
holds (andn  0).
Let random variablé& be the stopping time of the outer iterations as a function
of an algorithm parametdr > O:
8 9
< N =
S= mign S T, T

s=1

Notice that SARAH++ maintains a running s~ P J-s:1 T; against which param-
eterT is compared in the stopping criteria of the outer loop.

For the general convex case which supposes Assumption 4 in addition to smooth-
ness we have the next theorem.

Theorem 3 (Smooth general convexSuppose that Assumptions 2 and 4 hold. Con-

sider SARAH++ (Algorithm 3) with  -,0< 1. Then,
n #
E ot *X 1|<r FWKe  2[F(wo) Fw):
T+ +Ts . ., t T 0 :

Proof We recall the following de nitionsTs is the stopping time (a random variable)
of thes-th outer iteration such that

n 0
Ts = min  min k@2 < kK2 im+1 s=1;200

andS is the stopping time of the outer iterations (a random variable) and such that

for someT > 0
8 9
< )é =
S:mién S Te T

s=1

Note thatTs 1 is the rst time such thakv(T‘? k2 < kv(()s) k2. Hence, for a
givenTs, we havekv(® k2 kvc(,s) k2, for0 t T¢ 1,and

EFw) Fw)l EFMY ) Fw)l SEk Fwy) )k

+oL Elkv§?k?]  Ekv k2]

EFWE ) Fw)l  SEK Fwf) )k
+ s Ekv$”K?]  Ekv K]
EFw 1) Fw)l SEK Fs) )k
™ 1

EFwE) Fw) 5 Elkr Fw)k:
t=0
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Sincews = W(TSS) andws 1 = wS®, for givenTy;:::; Ts, we have
ﬁ( 1
E[F(ws) F(w)l EF(ws 1) Fw) 5 Elkr F(W®)k?]
t=0
¥ X 1
E[F(wo) Fw) Elkr F(w”)K’]:
s=1 t=0

SinceF (ws)  F(w ), bringing the second term of the RHS to the LHS. For
any givenwg, we have

X X 1
= Elkr FWS)K3Ty; i Ts] [F(wo)  F(w )]:
s=1 t=0
Hence,
1 X X 1 ©
S E— Elkr FWSHYK3 T 0T
e kr F(wW)K3T, s]
1

2
ﬁ*“: (wo) F(w)]

ZFmo) Fol

P
where the last inequality follows sincefz1 Ts T.Hence, by taking the expecta-
tion to both sides, we could achieve the desired result. u

The theorem leads to the next corollary about iteration complexity, i.e., we bound
T which is the total number of iterations performed by the inner loop across all outer
loop iterations. This is different from the total complexity sifcdoes not separately
count then gradient evaluations when the full gradient is computed in the outer loop.

Corollary 7 (Smooth general convex)For the conditions in Theorem 3 with =
O(I_i), we achieve an-accurate solution afte® (1) inner loop iterations.

Proof The proof is trivial since we Wamf—[F (wo) F(w )] = ,which requires
T = 2R FW 1= o(2) jterations, where we could chooses O(%). U

By supposing Assumption 3 in addition to the smoothness and general convexity
assumptions, we can prove a linear convergence rate. For strongly convex objective
functions we have the following result.

Theorem 4 (Smooth strongly convex)Suppose that Assumptions 2, 3 and 4 hold.
Consider SARAH++ (Algorithm 3) with > 0< 1. Then, for the nal
outputw of SARAH++, we have

EF(W) Fw) (@ )T[F(w) F(w): @7)
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Proof Following the beginning part of the proof of Theorem 3, we have, for a given
Ts,

EFw)) Fw)l EFMY ) Fw)l SEk Fwy) )k
@ (s)
(L EFWE ) Fw)
@ OTEFME) Fw)]

Sincew = W(TSS) andws 1 = W(()S), for givenTy;:::; Ts, we have

1 )t TS [F(wo)  F(w )]
a )TIF(wo) F(w);
P
where the last inequality follows sincei1 Ts T.Hence, by taking the expecta-
tion to both sides, we could ha¥gF (&) F(w )] (1 YT[F(wo) F(w)l:
u
This leads to the following iteration complexity.

Corollary 8 (Smooth strongly convex) For the conditions in Theorem 4 with =
O(1), we achieveE[F (W) F(w )] after O( log(%)) total iterations, where
= L= s the condition humber.

Proof We want(1 YT[F(wo) F(w)]= .Hence,

_ 1 [F(wo) F(w)]
T= log(d ) log
Notethat: % 1  (zig 5 1<x< 0.Wecanhave
1 log [F(wo) F(w)] T ilog [F(wo) F(w)]
By choosing = O(), we haveT = O( log(?)). u

Remark 3 The proofs of the above results hold forany T. If we choosen =0,
then SARAH++ reduces to the Gradient Descent algorithm since the inner “while”
loop stops right after updating!® = w{ v Inthis case, Corollaries 7 and 8
recover the rate of convergence and complexity of GD.

In this section, we showed th8ARAH++ has a guarantee of theoretical conver-
gence(see Theorems 3 and 4) while SARAH+ does not have such a guarantee.

An interesting open question we would like to discuss here is the total complexity
of SARAH++. Although we have shown the convergence results of SARAH++ in
terms of the iteration complexity, the total complexity which is computed as the total
number of evaluations of the component gradient functions still remains an open
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question. It is clear that the total complexity must depend on the learning fate
) — the factor that decides when to stop the inner iterations.

We note thafl can be “closely” understood as_ the total number of updafé)§

of the algorithm. The total complexity is equal toiS:1 (n+2(T; 1)). For the
specigl casd; = 1,1 = 1;:::;S, the algorithm recovers the GD algorithm with
T = iS:l Ts = S. Since each full gradient takesgradient evaluations, the total
complexity for this case is equal WS = O(") (in the general convex case) and
nS = O(n log(?)) (in the strongly convex case).

However, it is non-trivial to derive the total complexity of SARAH++ since it
should depend on the learning raté\Ve leave this question as an open direction for

future research.

5 Numerical Experiments

In this section, we provide numerical experiments to show the advantages of NC-
SARAH over SPIDER and SpiderBoost on the binary classi cation problem with
non-convex loss function. We also show the advantage of SARAH++ over SARAH
on the logistic regression problems with convex loss function. We further propose a
practical version calleBARAH Adaptiverhich improves the performance of SARAH
and SARAH++ for convex problems — numerical experiments on various data sets
show good overall performance.

5.1 Non-Convex Case: NC-SARAH

In this subsection, we numerically verify the advantages of NC-SARAH over SPI-
DER and SpiderBoost. We consider the binary classi cation problem with non-convex
loss function in [28] as follows
9
< X h xd le i=

min  Fw)= S fi(w):=log(L+exp( yixTw)+
w2Rd . n i=1 2

7 .
j=1 L+wh
(28)

wheref x;;yigl., is the training data with; 2 R% andy; 2f 1;+1g,i 2 [n].

We conducted experiments to demonstrate the advantage in performance of NC-
SARAH over SPIDER and SpiderBoost on the popular classi cation datzeetgpe
(n = 406; 708training data; estimateld *  1:90), ijcnn1 (n = 91; 701training data;
estimated. ' 1:77), andw8a(n = 49; 749training data, estimateld ' 7:05) from
LIBSVM [5]. Since we only care about the non-convexity of edchwe can simply
choose =0:01

Figure 1 shows comparisons of the valuesFdiv), kr F(w)k?, and Test Ac-
curacy among NC-SARAH, SPIDER with = 0:1, SPIDER with_ = 0:01, and
SpiderBoost. In order to t Spiderboost's mini-batch sizetoE ™ n we choose

=0 in NC-SARAH and SPIDER. In this scenario, SPIDER with 0:1 performs

similarly to SpiderBoost. We observe that NC-SARAH has better performance than
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Fig. 1: Comparisons of (w), kr F (w)k2, and Test Accuracy among NC-SARAH, SPIDER withr
0:1, SPIDER with = 0:01, and SpiderBoost ocovtypeijcnnl andw8adatasets

both SPIDER and SpiderBoost since NC-SARAH is able to adopt a larger learning
rate than those used in SPIDER and SpiderBoost (Corollaries 5 and 6) as shown in
Figure 1. We experimented with 10 runs and reported the average results with the
same initial pointvg for all the algorithms.

SpiderBoost only allows a mini-batch sizelpf P n while NC-SARAH allows
b= n'"2 withm = n¥** for 2 [0;0:5]. Figdjre 2 shows B1e sensitivity offor
NC-SARAH. We observe that the choicelo= = nandm = " n (or equivalently

= 0)is not a good choice; farovtypeb 2 [n%1; n%?] (or equivalently = 0:3;0:4)

leads to the best performance. This demonstrates that allowing a exible range of
mini-batch sizes beyonll= " n is bene cial.

5.2 Convex Case: SARAH++

The authors in [18] provide experiments showing good overall performance of SARAH
over other algorithms such as SGD [24], SAG [25], SVRG [9], etc. For this reason,
we provide experiments comparing SARAH++ directly with SARAH. We notice that
SARAH (with multiple outer loops) like SARAH++ has theoretical guarantees with
sublinear convergence for general convex and linear convergence for strongly convex
problems as proved in [18]. Because of these theoretical guarantees (which SARAH+
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